Cornell University

Reduced Basis Method for the

Silke Glas, Anthony T. Patera, Karsten Urban .
Cornell University, smg374@cornell.edu WaVe Eq Uatlon
ICERM Workshop, February 19, 2020



Crucial Issues for Model Reduction (among others)

Reduced Basis (RB) in a nutshell:
e Want to reduce parametric problem P(1.)
o Get detailed solution PV ()

@ Generate reduced problem Py /(1)

o Greedy Algorithm
o Error estimate Apy(u)

e Compute solution of reduced problem Ppy( /1)
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Crucial Issues for Model Reduction (among others)

Reduced Basis (RB) in a nutshell:
e Want to reduce parametric problem P(1.)

o Get detailed solution PV ()
@ Generate reduced problem Py /(1)

o Greedy Algorithm
o Error estimate Apy(u)

e Compute solution of reduced problem Ppy( /1)

Crucial Issues:
@ How good is the RB error estimate, error/residual relation?
@ How stable is the RB problem?

@ How well is problem reducible?
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Reducibility
Kolmogorov N-width:

d = inf inf —
W(P)i= by sup,inf, lluCu) =
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Reducibility

Kolmogorov N-width:

dy(P) = inf s inf —
w(P) Vin; dlnI‘I(VN) Nu27p> VI\:EVN lutu) = v
What do we have to expect?

o Elliptic, coercive: dy(P) < e N a > 0 (Maday, Patera, Turinici (2002),
Ohlberger, Rave (2016), Buffa, Maday, Patera, Prud’homme, Turinici (2012),
Binev, Cohen, Dahmen, DeVore, Petrova, Wojtaszczyk (2011), ...)
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Reducibility

Kolmogorov N-width:

dy(P) = f f —
W(P)i= by sup,inf, lluCu) =

What do we have to expect?
o Elliptic, coercive: dy(P) < e N a > 0 (Maday, Patera, Turinici (2002),
Ohlberger, Rave (2016), Buffa, Maday, Patera, Prud’homme, Turinici (2012),
Binev, Cohen, Dahmen, DeVore, Petrova, Wojtaszczyk (2011), ...)

@ Linear transport: dy(P) > %N_l/z (Ohlberger, Rave (2016))

@ Model reduction/RB for transport problems: (Abgrall, Amsallem, Crisovan
(2016), Billaud-Friess, Nouy, Zahm (2014), Cagniart, Crisovan, Maday, Abgrall
(2017), Cagniart, Maday, Stamm (2016), Carlberg (2015), Dahmen, Plesken,
Welper (2014), Gerbeau, Lombardi (2014), lollo, Lombardi (2014), Ohlberger,
Rave (2013), Reiss et al. (2015), Rim, Peherstorfer, Mandli (2019), Taddei,
Perotto, Quarteroni (2013), Welper (2017), Zahm, Nouy (2016), ...
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Here: interested in Wave Equation

Problem definition: find u(t) € H, t € I, such that

u(t)+Di(t)+Au(t)=g(t)inV', telae,
u(0)=u € H, u(0)=ve V.

Setting:
e [:=[0,T], T>0,
o Hilbert spaces V — H — V/,

@ symmetric, bounded, positive operators A, D € L(V, V') given by
<A¢7§>V’><V - a(wag)v <D¢7§>V’><V = d(wvé) for ¢a§ € V!
@ constants a; v, with a, ||¥|lv < [JAY||v: < 7va||¥]lv, ¥ € V,
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Outlook:

1. Motivation

2. Second order Wave Equation

3. First order Wave Equation

4. Conclusion
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2nd order Wave Equation

Setting:
=[0,T], T >0,
e AV sV (A=A V=HQ)
o aul[¥llv < IAWllve <7 lllv, @€ V

Derive semi-weak 2nd order form:

(u(t),v)vixy +a(u(t),v) = (g(t),v)vixy VYveV, telae,
u(0) = wp, u(0) = uy.

Well-posedness

o (Wioka, 1987): g € La(I; H), up € V and vy € H
~~ solution u € Hl(/ H) N Ly(1; V).
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2nd order Wave Equation

Setting:
=[0,T], T >0,
e AV sV (A=A V=HQ)
o oy [¥llv < [AY[lv: < vall¥llv, ¢ €V

Derive semi-weak 2nd order form:

(u(t),v)vixy +a(u(t),v) = (g(t),v)vixy VYveV, telae,
u(0) = wp, u(0) = uy.

Well-posedness

o (Wioka, 1987): g € La(I; H), up € V and vy € H
~ solution u € HY(I; H) N Ly(1; V).

o (Lions, Magenes, 1972): g € Lp(I; V'), up € H and vy € V/,
~ solution u € HY(I; V') N Ly(1; H).
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A stability Estimate [

Lemma (G., Patera, Urban, 2019)

Let g € Lr(I; V'), up € H, vo € V', then

VIE@IR + aallu(®); < /IE©)B, +7llu(@)1? + /0 ().

[I]SG, Anthony T. Patera Karsten Urban: A reduced basis method for the wave equation,
International Journal of Computational Fluid Dynamics, 2019
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A stability Estimate [

Lemma (G., Patera, Urban, 2019)

Let g € Lr(I; V'), up € H, vo € V/, then

VIEOI + asllu(®)Z < /Ila©)IR +7allu(0) I + /0 () lve.

Sketch of proof:

[I]SG, Anthony T. Patera Karsten Urban: A reduced basis method for the wave equation,
International Journal of Computational Fluid Dynamics, 2019

S. Glas (Cornell) RBM for Wave Equation February 19, 2020 8/25



A stability Estimate [

Lemma (G., Patera, Urban, 2019)

Let g € Lr(I; V'), up € H, vo € V', then

VIEOIR, + aallu(@)13, < \/120)R +vallu(@)[? + /0 ().

Sketch of proof:
@ ~~ see blackboard

[I]SG, Anthony T. Patera Karsten Urban: A reduced basis method for the wave equation,
International Journal of Computational Fluid Dynamics, 2019
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A detailed 2nd order (semi-)discretization
Discrete spaces of dimension N:

Hp : =span{hi,...,hy} C H, Vjh:=span{vi,...,vnx} C V,
Detailed approximation up(t):

(Un(t), vy vy + a(un(t), va) = (g(t), vi)vixv Vv € Vi,
up(0) = uo,p,  Up(0) = uyp,
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A detailed 2nd order (semi-)discretization

Discrete spaces of dimension N:
Hp : =span{hi,...,hy} C H, Vjh:=span{vi,...,vnx} C V,
Detailed approximation up(t):

(Un(t), vy vy + a(un(t), va) = (g(t), vi)vixv Vv € Vi,
up(0) = uo,p,  Up(0) = uyp,

Corollary (Error/residual relation, (G., Patera, Urban, 2019))

For error ex(t) := u(t) — up(t), residual rp(t) := g(t) — tn(t) — Aun(t),
we get

HV’ ds.

[u(t) = un(t)|[n <\/—Heh 0)II + —Heh O +
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Parametrized Wave Equation

o ;€ P C RP be a parameter,
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Parametrized Wave Equation

o ;€ P C RP be a parameter,
@ parametric forms a: V x V. x P = R, g(t;n) € V/

@ ~~ parametric formulation (Vv, € Vj, t € ] a.e.)

(Ut 1), vivixw + alu(t; 1), vip) = (g(ti 1), vivisy Vv €V,
u(0; ) = wo,  4(0; ) = u.
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Parametrized Wave Equation

o ;€ P C RP be a parameter,
@ parametric forms a: V x V. x P = R, g(t;n) € V/
@ ~~ parametric (detailed) formulation (Yv, € Vj, t € | a.e.)

(Un(t; 1), vy vicv + a(un(t; 1), v 1) = (g(t; 1), vh)vixy  Yvp € Vi,
up(0; 1) = uo p,  Up(0; 1) = U p.
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Parametrized Wave Equation

o ;€ P C RP be a parameter,
@ parametric forms a: V x V. x P = R, g(t;n) € V/

@ ~~ parametric formulation (Vv, € Vj, t € ] a.e.)

(Un(t; 1), vy vicv + a(un(t; 1), v 1) = (g(t; 1), V) vixy  Yvp € Vi,
up(0; 1) = uo p,  Up(0; 1) = U p.

o fixT:=T/K,K>1land th:==kr, k=1,... K1

1
— (uy, w20k uk T i)+ a(fuf T 4 (1= 20)uf + Qul T v )

= 0(g(t" " 1), vi) + (1 — 20)(g(t*; 11), va) + 0(g(t*~%; 11), vi)
= (gr (1), Vi) vix v, (6 — scheme)
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Error/Residual Relation

@ Rewrite as E,u,’j 1= LE, u,’j + Lk, u,’;_l + b,’j
o implicit: £, — £(p) == I, + 072 A1)
o explicit: Lg, = Lg (1) := 21y — (1 — 20)72Ap(11)
Le, = Lg,(11) == —1lp — 072 Ap(p)
o bf:=T12hk(p)

e Vi C Vj of dimension N < N, Ly := Pno L
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Error/Residual Relation

@ Rewrite as E,u,’j 1= LE, u,’j + Lk, u,’;_l + b,’j
o implicit: £, — £(p) == I, + 072 A1)
o explicit: Lg, = Lg (1) := 21y — (1 — 20)72Ap(11)
Le, = Lg,(11) == —1lp — 072 Ap(p)
o bf:=T12hk(p)
e Vi C Vj of dimension N < N, L)y := Pyo L
@ RB approximation: £/7Nu,l§,+1 = EEI’NUK/ + £E27Nu,’§fl + b,’§,
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Error/Residual Relation

@ Rewrite as E,u,’j 1= LE, u,’j + Lk, u,’;_l + b,’j
o implicit: £, — £(p) == I, + 072 A1)
o explicit: Lg, = Lg (1) := 21y — (1 — 20)72An(p)
Le, = Lg,(11) == —1lp — 072 Ap(p)
o bf:=T12hk(p)

e Vi C V, of dimension N <« N Lin:=PnoL
@ RB approximation: £, NUN = EEI’NUN + LE,, NUN Ly bk
@ RB residual

1
R ) = = (Caul™ + Leufy— Liug™ + bf)
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Error/Residual Relation

@ Rewrite as E,u,’j 1= LE, u,’j + Lk, u,’;_l + b,’j
o implicit: £, — £(p) == I, + 072 A1)
o explicit: Lg, = Lg (1) := 21y — (1 — 20)72An(p)
Le, = Lg,(11) == —1lp — 072 Ap(p)
o bf:=T12hk(p)

e Vi C Vj, of dimension N << N Lin:=PnoL
@ RB approximation: £, Nu = EEI’NUN + LE,, NUN Ly bk
@ RB residual
1
R ) = = (Caul™ + Leufy— Liug™ + bf)
@ Residual/Error relation

k+1 k—1 k 2 pk+1
[,/eN+ :L’Eze,v +£EleN+T RN+
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Error Estimate

Arrive at (computable!) error estimate

luk(12) = un()ll1 < AR (1)

with

A4 = 1/ Z I + IR + (ZHR' uw>
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Error Estimate

Arrive at (computable!) error estimate

luk(12) = un()ll1 < AR (1)

with

Al u)—\/ lek (1117 + aHéN( mIy + (ZIIR’ Hw)

How to construct basis: POD-Greedy (Haasdonk, Ohlberger, 2008)
@ Choose /i, with error estimator AKX (1)
@ Apply POD to chosen trajectory ~ add u¥(s1,) to basis
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What can we expect? - Wave Equation

Kolmogorov N-width:

dn(P)= sinf inf _
n(P) VN;dirL?vN):Nigng'ngHU(u) |

What do we have to expect? (Greif,Urban,2019)
@ Linear wave equation: %N_l/z < dy(P) < %(N —1)"v2

i(t, x; p) — pPu(t, x; p) =0

1, if x <0
u(0,x; p1) = wo(x) = = {_1 £ o=
(0, x; 1) = 0

u(t,—L;pn) =1, u(t,1;u)=-1,te(0,1).
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A Numerical Experiment

Setting:

o ii(t,x;p) — pPuc(t, x; 1) =0,
u(t,0; ) = tanh(5t)3

t,x €(0,1)

u(t,1; p) = uo(x) = u1(x) =0
pe P =032
example p = 1:

1.0
0.8
0.6
0.4
0.2

S. Glas (Cornell)

t=20.2
t=04
—t=0.6
—t=20.38
—1t=1.0

0.2

0.4

0.6 0.8
X

RBM for Wave Equation

February 19, 2020
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Numerical Example: Detailed Solution

et =039, = 0.3
—t =078, p =03
7039;( 20

04 ] : ; 04 ‘os\\ge, 1
(d) ux(-,+0.3) (e) ux(+,+2.0) (F) (i)
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Greedy Decay and Online Approximation

10°

MAX Py,
3

—Error: [luff (1) — uf ()|,

—— Estimator: AR (u)

2
— : 10

~ — Estimator: A% ()

——Error: |||z,

Prese| S5t

S. Glas (Cornell)

15 20 25 30

1
> aw(p) = 1072,

40

1

|Ptest ﬂ [03, 1”
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0.8

() = 6.92.
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Outlook:

1. Motivation

2. 2nd order Wave Equation

3. First order Wave Equation

4. Conclusion
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First Order System

@ 1st order system with damping

(01(t), @) = (wa(t), P)H, ¢ € H,
(i(t), V)vixy = (g(t), V) vixv — a(ui(t),) — d(ua(t), ), ¢ € V.
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First Order System

@ 1st order system with damping

(U1(8); P)n = (£(2). O)m + (w2(t), P)n, ¢€H,
(ﬂz(f),lD)v'xv = (g(f),¢>v'xv - 3(Ul(t),¢) - d(u2(t),¢), w eVv.

@ Include term for deriving error/residual relation
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First Order System

@ 1st order system with damping

(in(t), @)H = (£(t), @)n + (u2(t), d)n, ¢€H,
<L'12(t),l/)>v'xv = (g(t),¢>v'xv - a(ul(t),¢) - d(u2(t'),¢), w eVv.

@ Include term for deriving error/residual relation

Lemma (Stability Estimate, (G. Patera, Urban , 2019))
Let g € Ly(1; V'), f € La(I; H), up € H, vo € V', then

1@l + Sl ®If <\l + O,
rmax {1 —= b (1) + 1)) o

i
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A detailed first-order (semi)-discretization

@ Discrete spaces of dimension N

@ ~ first order system system of dimension 2\

Corollary (Error/residual relation, (G., Patera, Urban, 2019))

For errors e; p(t) := ui(t) — ujn(t), i = 1,2 and residuals

rlyh(t) = f(t) = I:Il,h T+ Uzyh(t),
r.p(t) == g(t) — i p(t) — Duo p(t) — Au p(t).

we have

et + sl < /et + a0,

—i—max{

} /0 Ul n(S)IIF + lr2.n()I3)* 2 ds.
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Error/Residual Relation

e Introduce parametric setting with 1 € P c RF
@ derive detailed first order system

@ Rewrite as E,u,‘fl = EEu,’; + b’,; with implicit and explicit part
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Error/Residual Relation

Introduce parametric setting with 1 € P ¢ RF
derive detailed first order system

Rewrite as L’/,u,’j*1 = EEu,f + b,’j with implicit and explicit part

RB approximation: £/7Nu,l§,+1 = EEI’NUK/ + b,’§,
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Error/Residual Relation

Introduce parametric setting with ;1 € P C RP

derive detailed first order system

Rewrite as L’/,u,’j*1 = EEu,f + b,’j with implicit and explicit part
RB approximation: £/7Nu,l§,+1 = EEI’NUK/ + b,’§,

RB residual (note that R (1) = (rn(tFHY; 1), mon(tF+E 1)) T)

1
R ) =~ (Leuly — Liug™ + bf)

S. Glas (Cornell) RBM for Wave Equation February 19, 2020 20/25



Error/Residual Relation

Introduce parametric setting with ;1 € P C RP

derive detailed first order system

Rewrite as L’/,u,’j*1 = EEu,f + b,’j with implicit and explicit part
RB approximation: £/7Nu,l§,+1 = EEI’NUK/ + b,’§,

RB residual (note that R (1) = (rn(tFHY; 1), mon(tF+E 1)) T)

1
R ) =~ (Leuly — Liug™ + bf)

Residual /Error relation

k+1 __ k k+1
'C/eN _‘CEleN+TRN
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Error Estimate

Arrive at (computable!) error estimate
lun(t 1) = tn (8 1)l < AR (1), k=1.....K,

with

k .
AK() =/l n (I + 113 ()13

k—1
1 .
+ 7max< 1, R .
v 0]

o Generate RB with POD-Greedy
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Split Basis N ~» 2N
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Greedy Decay and Comparison

= I —

" —FOS: Error | |

100 | — FOS: Estim. | |
o ---2nd: Error | ]
10-1 i ---2nd: Estim. i
0 ; ‘55\\\'—ﬂ\\\\§\\x
1073 N N
L ! ! ! ! ! ! TN

5 10 15 20 25 30 35 40
N
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Conclusion

Conclusion:

@ Wave Equations are in general though for standard RB

@ Sharp error bound and good effectivities

@ Both 2nd order and 1st order system
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